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Differential Analysis

• The approach involves an infinitesimal control volume to 
produce details in fluid flow

• The governing differential equations for the flow of 
incompressible Newtonian fluids: Navier – Stokes (NSE) 
along with the continuity equation

• NSE can be generalized to include compressible fluids
• There are few known analytical solutions to NSE
• Numerical method is currently used: Computational Fluid 

Dynamics (CFD)
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Differential Analysis

Fluid element kinematics 
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Differential Analysis

Cartesian coordinates: 

Eq (6.32)

Cylindrical polar coordinates: 
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Differential Analysis

Volumetric dilatation rate: 

v•∇=
dt
dV

V
1

This rate causes a linear deformation.
For steady flow of incompressible fluid: 

0=•∇ v

Eq (6.9)

Rotation/curl: vorticity

Vector derivatives: 

Divergence: 

ωv 2=×∇ Eq (6.17)

For irrotational flow field: 0v =×∇

Eq (6.30)
Expressions in 
Cartesian and polar 
coordinates? 

http://en.wikipedia.org/wiki/Del_in_cylindrical_and_spherical_coordinates
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Differential Analysis

Conservation of mass
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Eq (5.5)

0=•∇+
∂
∂ vρρ

t
Eq (6.28)

Integral form: 

Differential form: 
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Differential Analysis
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Conservation of linear momentum

Integral form: 

Differential form: 

Eq (5.22)

Eq (6.44)
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fvvv ρρ

Eq (6.50)

For inviscid flow: 

psys ∇−=∑ gf ρ Eq (6.52)

Euler’s equation 

For viscous flow: 

Psys ∇+=∑ gf ρ Eq (6.50)



Summer 2009 ES 2330 – Tan – Chapter 6 7

Differential Analysis
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Bernoulli equation

( ) p∇−=∇• gvv ρρ Eq (6.53)

For inviscid and incompressible flow: 

Using vector identity: ( ) ( ) ( )vvvvvv ×∇×−•∇=∇• 2
1

( ) ( ) pzg ∇−∇=×∇×−•∇ ρρρ vvvv2
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Along a streamline: 
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ρ Eq (6.54)
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Navier-Stokes equations

Stress-deformation relationships

For incompressible and Newtonian fluids: 
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Navier-Stokes equations

Eq (6.50)( ) P
t
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In Cartesian coordinates: 
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Eq (6.127)

where the Laplacian: 
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Navier-Stokes equations
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t
In cylindrical polar coordinates: 

vg 2∇+∇−= µρ p Eq (6.158)
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Simple solutions

Steady, laminar flow between fixed infinite parallel plates

0=
∂
∂

x
vx

0== zy vv (one dimensional flow) 

(continuity equation: no change in speed) 

0=
∂
∂

t
vx (steady flow) 

)(yvv xx ≡ (velocity profile) 
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Steady, laminar flow between fixed infinite parallel plates
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Navier-Stokes equations: 

2

2

0
y
v

x
p x

∂
∂

+
∂
∂

−= µ Eq (6.129)

y
pg
∂
∂

−−= ρ0 Eq (6.130)

z
p
∂
∂

−=0 Eq (6.131)



Summer 2009 ES 2330 – Tan – Chapter 6 14

Steady, laminar flow between fixed infinite parallel plates
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Boundary conditions: 
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( )22

2
)( hyxfvx −

′
=→

µ

Eq (6.133)

Eq (6.134)



Summer 2009 ES 2330 – Tan – Chapter 6 15

Steady, laminar flow between fixed infinite parallel plates
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Pressure gradient (along the flow): 
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Simple solutions

Couette flow

21
2

2
)( cycyxfvx ++

′
=

µ
but now with boundary conditions: 
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Uvx = at  y = b














 −

′
−






=→

b
yxfbU

b
yvx 1

2
)(2

µ

Eq (6.140)



Summer 2009 ES 2330 – Tan – Chapter 6 17

Couette flow

Special case: 
pressure gradient f′(x) = 0 

U
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Flow in the narrow gap of a bearing: 
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Simple solutions

Steady, laminar flow in circular tubes
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0== θvvr (one dimensional flow, parallel to the wall) 

(continuity equation: no change in speed) 
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t
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)(rvv zz ≡ (velocity profile) 
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Steady, laminar flow in circular tubes
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Navier-Stokes equations: 
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Steady, laminar flow in circular tubes
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Boundary conditions: 

0=zv at  r = R (no-slip condition) 
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∞<zv at  r = 0 
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The volume flow rate: 
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Eq (6.151)

Pressure gradient (along the flow): 

Steady, laminar flow in circular tubes

Poiseuille’s law 


